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Abstract
Resonant piezoelectric sensors based on bulk acoustic wave (BAW) thickness shear resonators are promising for the inline mea-
surement of ﬂuid viscosity, e.g., in industrial processes. The sensor response function can be derived from the general rigorous
transfer matrix description of one-dimensional layered structures consisting of piezoelectric and non-piezoelectric layers of arbi-
trary number. This model according to Nowotny et al. provides a complete analytical description of the electrical and mechanical
behaviour of such structures with two electrodes and arbitrary acoustic termination impedances (Rig-1d-Model). We apply this
model to derive the sensor response functions and the mechanical displacement curves of the following conﬁgurations appropriate
for viscosity sensors:
(a) An AT cut quartz crystal plate in contact with vacuum at the backside plane and with the liquid under investigation at the
front side plane (QL).
(b) An AT cut quartz crystal in contact with the liquid under investigation at both sides (LQL).
It is shown that in the QL case the originally only heuristically introduced and well established sensor response function according
to Kanasawa can be derived from the Rig-1d-Model by introducing minor approximations. Experimental results are presented for
the LQL conﬁguration using an N1000 viscosity reference oil as test ﬂuid.
c© 2015 The Authors. Published by Elsevier B.V.
Peer-review under responsibility of the Scientiﬁc Committee of 2015 ICU Metz.
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1. Introduction - Theoretical background
In many industrial processes where liquids are an intermediate or end product, there is a demand for inline mea-
surements of the viscosity of those liquids. In this context, the use of immersible sensors based on piezoelectric
resonators vibrating in thickness shear mode feature several advantages. For the theoretical treatment of layered com-
posite resonators a general rigorous one-dimensional model is available, which is here called Rig-1d-Model for short
reference. It is based on a rigorous 8x8 transfer matrix description for one-dimensional layered structures consisting
of piezoelectric and non-piezoelectric layers of arbitrary number. All quantities are only dependent on one spatial
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Fig. 1. (a) Resonator with one AT-cut quartz layer Q between two electrodes and a liquid boundary medium L at both sides. (b) Resonator with one
AT-cut quartz Q between two electrodes and a liquid boundary medium L at the front side and vacuum as boundary medium at the back side.
dimension that is dedicated as xν, which is the tickness-direction of the layered piezoelectric structure. The model is
a general solution of the problem in closed form, where each layer is represented by the parameters layer thickness,
mass density, eﬀective elastic constants and viscosities as a measure of the loss components.[Nowotny et al. (1987),
Nowotny et al. (1991)]
In a most recent approach the Rig-1d-Model has been extended to the most general boundary condition of termi-
nating the outer planes of the layered structure by semi-inﬁnite media of arbitrary acoustic impedance.[Nowotny et
al. (2015)] Fig. 1.(a) shows the layer scheme of the resonant piezoelectric sensor for liquids treated in this paper that
is based on one bulk acoustic wave (BAW) piezoelectric plate, a Y-cut quartz vibrating in thickness shear mode with
the liquid under investigation L contacting both sides of the vibrating quartz plate Q (xν = y). For this special case
we have only one displacement eigen-direction and the calculations are simpliﬁed, because the general 8 × 8 transfer
matrices reduce to 4 × 4 transfer matrices. The sinusoidal driving voltage is U = ϕ1 − ϕ0 with ϕ1 and ϕ0 being the
electrical potential at the respective electrodes and I = I1 = −I0 is the current through the electrodes. That LQL
arrangement is compared to the QL case shown in Fig. 1. (b), where the regarded quartz-plate is in contact with a
liquid only on one side, since for the QL case a heuristically derived sensor response function has been published
already earlier.[Kanazawa and Gordon (1985)]
1.1. Displacement curves
Fig. 2 shows the calculated course of maximal shear displacement (amplitudes with relative phase information)
along the thickness direction (y-axis ) for the fundamental series resonance frequency fs for a driving voltage ampli-
tude Uˆ = 1V . For this calculation dimensions and material data of the sensor described in Section 3 has been used
and the sensor surfaces were in contact on both (Fig. 2 (a)) or on one (Fig. 2 (b)) side, respectively, with the viscosity
reference standard oil N1000 at room temperature.
1.2. Analytical sensor response function
By introducing the following assumptions
• The losses within the crystal plate are neglected.
• The most general treatment of the layer L as viscoelastic layer with cL = c′L + jc′′L , where c′ and c′′ are the
real and imaginary parts of the eﬀective viscoelastic constant cL, respectively, is sepcialized to Newtonian liquids
characterised by cL = jc′′L and c
′′
L = ωηL, where ω = 2π f is the angular measurement frequency, f the frequency, and
ηL the (dynamic) viscosity of the liquid, respectively,
With the above assumptions the sensor response functions for the speciﬁc conﬁgurations shown in Fig.1 can be
obtained from the Rig-1d-Model as follows:
LQL QL
−Δ f
f0
=
2
zQ
√
f0
π
ρLηL − Δ ff0 =
1
zQ
√
f0
π
ρLηL (1)
where −Δ f / f0 is the negative reduced resonant frequency shift (reduced resonant frequency decrease) due to the
liquid loading, −Δ f / f0 = −( f − f0)/ f0 = ( f0 − f )/ f0 , f and f0 are the fundamental series resonance frequencies
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Fig. 2. Quantitative graphical representation of the rapidly diminishing displacement of the shear wave in the liquid. For a driving voltage
amplitude between the electrodes of 1V the variation of the transversal vibration amplitude ux along the thickness direction y is shown for the
respective fundamental resonance frequency fs. (a) LQL AT-cut quartz resonator immersed in oil N1000 on both sides. b) QL AT-cut quartz
resonator immersed in oil N1000 on one side.
of the quartz crystal with and without liquid loading, respectively, zQ =
√
ρQcQ is the speciﬁc acoustic impedance
(acoustic impedance per cross-sectional area) of the quartz crystal, ρQ and ρL are the mass densities of the quartz plate
and the liquid, respectively, cQ the eﬀective shear stiﬀnes constant of the quartz crystal, which is for the used AT-cut
the piezoelectrically stiﬀned elastic constant c¯66. That is, the frequency shift caused in the LQL case by the liquid is
simply twice as high as in the QL case, where the liquid is only in contact with one side of the crystal.
Inﬂuence of the liquid properties is reﬂected not only by the shift of series resonant frequency but as well as by the
change of the Q-factor of the resonator, which is the reciprocal of the damping d = 1/Q = ( f+ − f−)/ fs and where
f+ and f− are the frequencies where the real part of the admittance reaches half of the value at the fundamental series
resonance frequency fs, with f− being the lower and f+ the higher half value bandwhith frequencies, respectively.
From the Rig-1d-Model also the following Eq. (2) can be derived that shows the relation between the damping increase
Δd due to the liquid load and the density-viscosity product ρLηL:
Δd =
4
zQ
√
f0
π
ρLηL Δd =
2
zQ
√
f0
π
ρLηL (2)
where Δd = d − d0 and d and d0 are the damping values of the loaded and unloaded resonator, respectively.
From Eq. (1) and Eq. (2) follows immediately that there is both for the LQL- and for the QL-case a direct simple
proportionality between the reduced frequency decrease and the damping increase: −2Δ f / f0 = Δd. Eq. (1) looks
like the sensor response function that was already heuristically derived by [Kanazawa and Gordon (1985)]. However,
it should be noted that in the Kanazawa equation the frequencies are the mechanical resonance frequencies (parallel
resonance frequencies) while in all sensor response functions here the frequencies mean the series resonance frequen-
cies, which are the ones actually measured in practice.[Reed et al. (1990)] It should be also mentioned that in practice
the resonance frequency for the unloaded case is measured in air and not in vacuum.
2. LQL-sensor design and speciﬁcations
The LQL quartz crystal viscosity sensor is shown in Fig.3. The AT-cut used for the viscosity sensor crystal is
a temperature compensated cut with standardised notation (YXl)−35◦. The disk has bi-convex form with radius of
curvature 240 mm (for both sides). Diameter of the disk is 19.95 mm and maximum thickness (in the centre) 0.62
mm. The surface of the resonator is polished, resulting in a surface roughness below 100 nm. Nominal fundamental
series resonance frequency of the resonator is 2.77 MHz +/- 200 Hz. The electrodes are made of gold. The resonators
are vibrating in a thickness-shear mode with a typically high Q-factor (Q ∼ 2 ·106, in air). Materials used in the (LQL)
crystal sensor housing are: stainless steel, silver, gold, Macor R© ceramics, glue (Epo-Tec 353 ND) and Kalrez R© as
O-Ring material. These materials allow the use of this sensor also in food and beverage industry, as well as in medical
applications.
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3. Measurements
The link between the inﬁnite model and the real resonator with limited lateral dimensions can be done by introduc-
ing an equivalent vibration area which can be simply determined by measurement of the motional capacitance C1 of
the real resonator (dependent on the eﬀective vibration area) and comparing it to the static capacitanceC0 (determined
by the electrode area).[Schmid et al. (1991)] For the measurements a computer controlled admittance measurement
setup system with code name QxSens was used, that derives the resonance frequency and the associated damping
value.[See for more detail Radel and Benes (2008)] As measurement liquid the standard oil N1000 was used, which
ensures absolute uncertainty of provided viscosity values below 0.5%.
Fig. 4. shows a comparison between measured and calculated (a) reduced resonance frequency decrease −Δ f / f0
and (b) resonance damping increase Δd as a function of ρLηL. The measured values were obtained by slowly cooling
down the viscosity reference oil over 12 hours, which corresponds to quasistatic temperature conditions and moving
on the x-axis of Fig. 3(b) from right to left. The produced variation of ρLηL is used as variable measurand quantity on
the x-axis and the corresponding measurement values for (a) −Δ f / f0 and (b) Δd are shown on the respective y-axes.
Liquid temperature T , −Δ f / f0 and Δd are measured every two seconds, therefore more than 20 000 measurement
points were recorded. To further reduce the low jitter of the frequency measurements, average values over every 10
measurements were built and these reduced data series was used for the plot of the measured LQL −Δ f / f0 and Δd
values. Therefore, the resulting curves represent more than 2 000 averaged measurement points and its line thickness
in fact is a measure for the excellent reproducibilty of the measurement values. For direct comparison, the theoretical
values obtained from the analytical sensor response function are plotted into the same Chart.
4. Discussion of results and Conclusion
From Fig. 4(a) and (b) we can learn that the measurement values for −Δ f / f0 and Δd are highly reproducible and
allow a high resolution continuous online monitoring of the viscosity-density product ηLρL. However, the charts also
unveil a deviation of the measurement values from the theoretical sensor response functions according to the respective
Eqs. 1 and 2 for the LQL sensor. This deviation shows a systematics that is similar for the frequency as well as for the
damping measurements.
The LQL quartz sensor measures viscosity by applying an oscillating shear rate. From the Rig-1d-Model the shear
rate amplitude and the penetration depths of the shear wave into the liquid can be calculated. For the conditions given
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Fig. 3. (a) Photography of the LQL single crystal sensor. (b) Viscosity-density product ρLηL over temperature T for a standard oil N1000. The dots
indicate the calibration points, the line is an interpolation curve.
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Fig. 4. LQL sensor immersed in Standard oil N1000: a) Measured and calculated reduced frequency shift over the viscosity-density product ρLηL.
b) Measured and calculated resonator damping d over the viscosity-density product ρLηL. Variation of the ρLηL values on the x-axes was obtained
by varying the temperature from 100C to 25C, which produced an ρLηL variation according to Fig. 3(b).
in Fig.1.(a) and Fig.2.(a) the maximal displacement velocity can be determined as 10.6mm/s. From this value and
the deﬁnition of the shear rate in a shear wave the max. shear rate (= shear rate amplitude at both surfaces of the
immersed sensor quartz) applied with the LQL sensor is 74 s−1. The LQL sensor can be used in the temperature range
between -50C and +100C and exhibits high pressure (up to 10 bar) and excellent chemical persistence, however, it
is restricted to electrically non-conductive liquids. Since the LQL quartz sensor measures ηLρL of Newtonian ﬂuids
in an oscillating shear rate regime, it is especially appropriate to characterise lubricants, like motor oils, that are used
typically at oscillating shear rate conditions (e. g. reciprocating piston engines).
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